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Econometrics 11
Lasha Chochua

Problem Set 3

Instructions: You are encouraged to solve the problems before the recitation. Additionally,
you are encouraged to work in groups. It is not mandatory to submit solutions unless
stated otherwise. However, if you would like to share your solution, I would be happy to
review it.

Problem 1: The data {y,,z;,w,;} is from a random sample, i = 1,...,n. The parameter [ is
estimated by minimizing the criterion function:

S(B) = Zwi(%’ - x;ﬁ)z

That is,

B = argmin S(6)
(a) Find an explicit expression for ﬁA
(b) What population parameter is B estimating?

Be explicit about any assumptions you need to impose, but don’t make more assumptions
than necessary.

(c) Find the probability limit for B as n — oo.
(d) Find the asymptotic distribution of \/n(3 — ) as n — .

Solution:

(a) Using matrix notation

~

B=(XWX)'X'WY

where W = diag(wy, ..., w,,). Alternatively



1
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B = E W;T;T; E wzxzyz
i=1 i=1

(b) What parameter is 3 estimating?

It appears to be estimating

B = (E(wz;a}) " E(wz,y,),

a weighted projection. This imposes no assumptions beyond the existence of moments and the

invertibility of E(w,x;x;).

As an alternative, you might state that B is estimating the slope parameter in the regression
model:

Y, =z B+e;
E(e; | z;,w;) =0

but this is more restrictive than the simple weighted projection.
(c) Probability limit of 3
By the WLLN,

By the CMT,

as defined in part (b).
(d) Asymptotic distribution
With  defined in part (b), we then define the error by the equation:

Y =xiB+e

It is important that e; be defined, as it is not given in the question!
It is also important that the definition be consistent with your answer in part (b). Then
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As n — oo,

= iw e N(0,9)

/n 2 i€ )
where

Q = E(uwz,alc?)

Then letting @ = E(w,x,;z;), we have

1771

V(B —B) 5 N(0,Q10Q 1)

Problem 2: Take the linear equation Y = Zf + e, and consider the following estimators of
B:

(a) f,: 2SLS using the instruments X,

(b) B,: 2SLS using the instruments X,

(c) 3: GMM using the instruments X = (X, X,) and the weight matrix

_ <X1X1>71)\ 0
W‘( 0 <&&rm—»)

for A € (0,1).

Find an expression for 5 which shows that it is a specific weighted average of BAl and BQ.

Solution:



Let

D, = Z'PZ
Dy, = Z'PZ
Dy = ADi+(1—))Ds

Recall that

3, = Di'Z'PY
P o= X (X]X) ' X!
By, = D;'Z'PY
P, = Xo(X5X,) ' X}

and we calculate that

and we calculate that

B = (ZXWX'Z) " (ZXWX'Y)

_ (( 7'X, Z'Xy) ( (XiX(;)'l)\ (X§X2)_01(1 ) ) ( ﬁg ))_1

: (( X Z'Xy ) ( ()qul)_1A ()(5)(2)‘01 (1) ) ( igj ))

= (M'PZ+(1-)) ZIPQZ)_I ANZ'PY + (1 =)\ Z'PY)
= Dy'AZ'PY + D' (1-)\)Z'RY
ADIDy Sy + (1 — A) DY Doj3,
- Wllél + ”/232
where W, = AD;IDl and Wy = (1 —)) D;lDQ. /3 is a weighted average since

W1+W2:D;1(/\D1+(1—)\)D2):I

Problem 3: The observations are iid, (y;,x,,q; : ¢ = 1,...,n), where z; is k x 1 and ¢; is m x 1.
The model is



y; = xiB+e
E(z;e;) =
E(g;e;) =

Find the efficient GMM estimator for £.

Solution:

The efficient GMM estimator is
. N ! -1 . !
B = (X’(X Q)Q‘1<‘z§,>X> (X'(X Q)Q—l(g,)y)

(e v (50) (oo xern(3)

where

n P
_ lz Tixr; Tiq; (32
n (11'-’17’- (Iiflzl' !

i=1
and é; = y; — :1:;»/3' with 3 a preliminary consistent estimator. One possibility is 3 = (X’X)_1 (X'Y), the LS

estimator.

Problem 4: The model is

v, =z8+z;7te
Ee; | z;) =0

Thus z; is potentially endogenous and z; is exogenous. Assume that z; € R and z; € R.
Someone suggests estimating (3,7) by GMM, using the pair (z,,2?) as the instruments. Is
this feasible? Under what conditions, if any, (in addition to those described above) is this a
valid estimator?

Solution:



This is feasible since there are two parameters to estimate (3 and ) and two instruments (z; and z?).
This is the just-identified case. Under the given assumtpion E (¢; | 2;) = 0, we know that E (z;¢;) = 0
and E (.L12(,Z) = 0, so these are valid instrumental variables. For identification, we need that the included
endogenous variable (z;) be correlated with the excluded exogenous variabe (z2) after controlling for the
included exogenous variable (x;). That is, in the reduced form regression

2 = i + T2 + uy (1)

it must be that ag # 0. Thus the conditional mean of z; given x; cannot be linear, it must be a non-linear
relationship. Note: This is not the same thing F (z,JLIZ) # 0, but it is close.

In summary, the proposed GMM estimator is valid, if coefficient s in the reduced form equation (1) is
non-zero.

Problem 5: Consider the model

y; =8 +e
E(e; | 2) =0

with y; scalar and x; and z; each a k vector. You have a random sample (y;,z;,z;, : i =
1,...,n).

(a) Write the IV estimator 3 for 8

(b) Suppose that z; is exogenous in the sense that E(e; | z;, ;) = 0. Is 3 unbiased for 37

(c) Continuing to assume that ; is exogenous, find the variance matrix for 3, var(3 | X, Z).

Solution:



(a) B = (Z,X)_l Z'Y = (Z?:l Zim;)_l (2?21 2i¥;)

(b) Write
n -1 n
B-p= (Z ziwé) ( Zici)
=1 i=1

E(B-B12X) = B ((Zju

Then

Thus by the law of iterated expectations
B(B) =5
and B is unbiased for /3.

(c) Since E (Za | Z, X) _
B((3-5) (3-5)12.x)

(B4) (o) (B (§4) o)

3u) (zz( | Z,X>) (301)

i=1 j=1

var (B|X, Z)

Il
|
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where





