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Estimation Methods We’ve Covered

o Moment Estimators
e Based on the method of moments.
o Use sample moments to estimate population parameters.
e Match sample moments to theoretical moments:

1 n
= Zm(Xi,Q) =0
N

@ Maximum Likelihood Estimators (MLE)
e Choose parameter 6 to maximize the likelihood function.
e Log-likelihood for iid data:

()= Y log £(X,:0)

o MLE: O ¢ = arg maxgy £(6)

ISET



.
Estimation Methods We’ve Covered (Cont.)

@ Ordinary Least Squares (OLS)

o Linear regression: minimize the sum of squared residuals.
. n
Pors = argmﬁin Z(Yz‘ - X/ B)?
i=1

o Closed-form solution: ~
Bors = (X’X)'X'Y

@ Instrumental Variables (1V)
e Used when regressors are endogenous.
e Requires instruments Z uncorrelated with the error term.
e Two-stage procedure:
@ Regress X on Z to get predicted values X
@ Regress Y on X:
By =(Z2'X)12'Y
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Generalized Method of Moments (GMM)

@ GMM is a flexible and powerful estimation method in econometrics.

It generalizes the classical method of moments:

o Allows for more moment conditions than unknowns (overidentified).
e Permits nonlinear functions of data and parameters.

@ GMM includes as special cases:

Ordinary Least Squares (OLS)
Instrumental Variables (IV)
Multivariate regression
Two-Stage Least Squares (2SLS)

@ GMM handles both linear and nonlinear models.

In this lecture, we focus on linear GMM.
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Historical Background

@ GMM introduced in econometrics by Lars Hansen (1982).

@ Builds on work by:

o Amemiya (1974, 1977)
o Gallant (1977)
o Gallant & Jorgenson (1979)

@ Related to estimating equations in statistics (see Godambe, 1991).

@ Also connected to work by:

o White (1980, 1982)
o White & Domowitz (1984)
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Moment Equation Models

@ As said, all models we've studied so far can be written as moment equation models.

@ These models solve a system of moment equations:
Elg:(8)] =0 (1)

@ Here:

e g;(B) is a known £ x 1 function of the ith observation.
e [is a k x 1 parameter vector.
e [3 € B, a parameter space.

@ Example: In IV models,
9,(8) = Z;(Y; — X; )
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Identification in Moment Models

@ We say f is identified if the moment condition has a unique solution.

@ Let £ = number of moment conditions, kK = number of parameters:

e If £ = k: just identified — just enough information.
o If £ > k: overidentified — more information than needed.
o If £ < k: underidentified — not enough information.

@ Typically assume: ¢ > k
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Method of Moments Estimators

@ Focus on the just-identified case: £ = k.

@ Define the sample moment condition:

@ These equations are called estimating equations.
@ In some cases, (,,, has a closed-form; in others, numerical methods are needed.
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Examples of MME

@ Mean only:
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MME for OLS

@ Set:
Qi(ﬁ) = Xi(Yz‘ - XZ{B)

@ Then the MME is: R
B=(X'X)"1X'Y

ISET



N
OLS with Variance

@ Set:
XY, — X[pB)

0% = (o

@ Then:

n

f=X'X)X'Y, &2

3\*—‘

=1
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Method of Moments: Multivariate Examples

@ Multivariate Least Squares (vector form):

gi(ﬁ) = Xi(yz‘ - X;p)

- (&) ()

@ Multivariate Least Squares (matrix form):
9i(B) = vec (X; (Y] — XiB))
n -1 n
=1 =1
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Definition: The vec Operator

@ For a matrix A € R™*",
vec(A) € Rl

is formed by stacking the columns of A into a single column vector.
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Seemingly Unrelated Regressions (SUR)

@ Moment condition:

e MME:

9= (e z0 2 25))

vec (X — (Y, — X,8)(Y; — X))
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IV as Method of Moments

@ Set:
9:(B) = Z;(Y; — Xip)
B=(Z'X)'Z'Y
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Overidentified Moment Equations

@ When ¢ > k, the model is overidentified.

@ The sample moment condition:

38 = 13" 7,0%— xp) =

=1

1 / /
~(Z'Y ~Z'Xp)

o In this case, we cannot find 3 that sets g,(8) = 0.

@ ldea: Choose /BA that makes g,,(/) as small as possible.
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Interpreting GMM as Least Squares

@ Define:

o u=127"Y e R*!
o G=17'X e Rk
° 77:,u—G:B€[R‘3Xl

@ Then moment condition becomes:

p=Gp+n

@ This is a linear regression:

o Regress 1 € R™! on G € R*F.
e Estimate 8 by minimizing the sum of squared residuals:

B=(G'G)*G’'y (dimensions: k x 1)

@ This minimizes:
n'n=(up—GpB)(p—GpB)
ISET
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Generalized Method of Moments (GMM)

@ When errors are heteroskedastic, we minimize a weighted sum of squares "W (recall
GLS):

B = (G'WG) 'G'Wpy = (X'ZWZ'X) Y (X'ZWZ'Y 24
gmm

@ GMM minimizes:

J(B) =ng,(8)Wg,(8) (25)

@ The factor “n” is not important for the definition of the estimator but is convenient for
the distribution theory.
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GMM Estimator

Definition 1 (Generalized Method of Moments Estimator)

The GMM estimator is defined as:

~

Bymm = argmin J(5) (26)

ISET



N
GMM and MME Connection

@ When ¢ = k, the model is just-identified.

o Then J(Bym) =0 ) )
o GMM reduces to MME: B,.., = B
@ So: MME is a special case of GMM
@ In the overidentified case, GMM depends on the choice of weight matrix W.

© GMM was introduced by Lars Hansen (1982).

o Developed its asymptotic theory, efficient weighting, and overidentification tests.
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Linear Moment Models

@ The moment equation framework supports both linear and nonlinear models.
@ When moment equations are linear in parameters, we gain:
e Explicit solutions for estimators.
o Simpler asymptotic theory.
@ Examples of models with linear moment conditions:
e Sample mean and variance
e OLS and IV
o Multivariate least squares
e 2SLS
@ Nonlinear examples include:
e Sample variance as a parameter
o Seemingly unrelated regressions (SUR)
e Models with generated regressors
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Example: Overidentified IV Model

@ Focus on the moment condition:
9,(8) = Z,(Y; — X B)

@ Where:

o Z;islx1
o X,iskxl1

@ This is a linear function of 3.

@ Overidentification: ¢ > k
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GMM Estimator

@ Given the IV moment condition:
gz‘<5> = Zi(Yz‘ - Xz{ﬁ)

@ The GMM criterion is:

J(B) =n(Z'Y — Z'XB)W(Z'Y — Z'X})

@ The GMM estimator minimizes J(/3).
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First Order Conditions

@ Gradient with respect to 3:

0 ~

0= 673‘]@
)
2869n(

=2 (iXZ) W (iz’(Y — XB))

BYW4,(B)
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GMM Estimator

Theorem 1 (For the overidentified IV model)

The GMM estimator is:

Bonm = (X'ZWZ'X) 1 (X'ZWZ'Y)
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Properties and Special Cases

@ GMM depends on the weight matrix W only up to scale.
o If W is replaced by cW, the estimator remains unchanged.
@ When W is fixed: one-step GMM.

@ For just-identified case (k = /):

~

Bamm = (ZX)" "W YX'Z) Y X'ZWZ'Y) = (ZX)'Z'Y = Biv (34)

@ The GMM estimator resembles the 2SLS estimator. In fact they are equal when
W = (Z'Z)~. This means that the 2SLS estimator is a one-step GMM estimator for the
linear model.
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Equivalence of GMM and 2SLS

Theorem 2

If W= (Z'Z)"!, then:
6gmm = 525Is
Furthermore, if £ = ¢, then: ~ ~

Bgmm = Piv
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Asymptotic Distribution of GMM Estimator

o Let:

Q = E[ZX’] € R
0 = E[ZZ'¢?] € R

@ Then we have the following convergence results:
1 4 ]' / p 4
(X Z> \)\% (Z X) —- Q'WQ
n n
1 / 1 / d /
(X Z) \)\% (Z e) — N(0,QWQWQ)
n vn
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Asymptotic Distribution of GMM

Theorem 3 (Asymptotic Distribution of GMM Estimator)

Under Assumption 12.2 in the book, as n — oc:

~

VB — B) = N(0,V5)

where

Vs = (QWQ) HQWOWQ)(QWQ) '
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Notes on the Variance Formula

@ The asymptotic variance has “sandwich form”.

@ Derivation assumes W is non-random, but the result holds when:

— P
W — W  (positive definite)

@ Rescaling W does not affect the estimator:
o eg., replacing W = (2'2)"t with W = (n"22'2)*

@ This rescaling is typically ignored in implementation.
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Efficient GMM

@ The asymptotic variance of 3,

V= (QWQ)(QWaWQ)(QWQ)™! (42)

depends on the weight matrix W

@ The optimal weight matrix is:
W, =01 (43)

because it minimizes Vﬁ.

@ When W = Q1 (or a consistent estimator), we call the estimator Efficient GMM:

B, = (X'ZQ'Z'X) NX'ZOZ'Y 44
gmm
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Efficient GMM: Asymptotic Variance

@ When W = Q7 !, the asymptotic variance simplifies to:

V;=(QQ'Q) Qe Q)Q Q) =(Qe Q)

@ This is the variance of the efficient GMM estimator.

@ It achieves the lowest possible asymptotic variance among GMM estimators.
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Efficient GMM: Asymptotic Variance

Theorem 4 (Asymptotic Distribution of Efficient GMM)

Under Assumption 12.2 and W = Q! as n — oo:

~

VB — B) = N(0,V5)

where:

V;=(QQ Q)™
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Efficient GMM: Asymptotic Variance

Theorem 5 (Efficient GMM)

Under Assumption 12.2 in the book, for any W > 0:

(QWQ) {(QW WQ)(QWQ)  —(QQ1Q)!>0

The inequality is strict if W = Q1. Hence:

~ ~

avar(ﬁgmm) < avar(ﬁ%”"’“)

where Bgmm

is any other GMM estimator.

ISET



|
Efficiency and Semiparametric Optimality

@ The smallest possible GMM covariance matrix (in the positive definite sense) is achieved
when:

@ In practice, 2 is unknown — but it can be consistently estimated.

— P
@ For any W — W, the asymptotic distribution from Theorem 4 still holds.

e Any @mm constructed with a consistent estimator of W, is called an efficient GMM
estimator.
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Semiparametric Efficiency

@ “Efficient” means the smallest asymptotic variance among GMM estimators using the
same moment conditions.

@ This is a weak optimality concept (only compares over W)
e But: GMM is semiparametrically efficient (Chamberlain, 1987):

o If E[g;(8)] = 0 is all that's known, GMM attains the lowest possible variance:

(G’Q1G)™t, where G =E [ 0 (ﬁ)} (51)

Tﬁ’gi
@ Conclusion:

e No semiparametric estimator has a smaller variance than efficient GMM — unless additional
assumptions are imposed.
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Efficient GMM vs 2SLS

@ In linear IV models, 2SLS is a standard estimator for 5.

@ 25LS is a GMM estimator with weight matrix:
W = (Z'Z)' orequivalently W = (n1Z'Z)!
since scaling doesn’t matter in GMM.
o If W = (E[ZZ'])", then 25LS is asymptotically GMM with:

W = (E[22'])""
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Comparing to Efficient GMM

o Efficient GMM uses the weight matrix:

W = (E[22'¢?) (54)

@ If we assume conditional homoskedasticity:
Ele? | Z] = o2 (55)

then:
E[ZZ'e?] = 0?E[Z2Z'] = W= (E[ZZ'])! (56)

@ Therefore, under conditional homoskedasticity, 25LS uses the efficient weight matrix
since scaling does not matter.
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Theorem 6 (2SLS is Efficient under Homoskedasticity)

Under Assumption 12.2 in the book and Ele? | Z] = o2,

/BAMS is an efficient GMM estimator.
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Interpretation and Implications

@ This result shows:

e 2SLS is efficient under homoskedasticity.
o In that case, there is no reason to prefer efficient GMM over 2SLS.

@ But: If the errors are conditionally heteroskedastic, then:

Ele? | Z] # o2

o W+ (E[22'])!

@ So 2SLS is no longer efficient, and GMM with a consistent W performs better.

@ Bottom line:

e 2SLS = efficient GMM <= conditional homoskedasticity
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Estimating the Efficient Weight Matrix

@ To construct the efficient GMM estimator, we need a consistent estimator:

@ The typical approach is to:

o Estimate (2 via residuals
e Set W=0"1

@ This leads to the two-step GMM estimator:

o Use a consistent one-step estimator (3 (e.g. 2SLS)
o Construct W using that estimate
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Two-Step GMM Estimator: Linear Case

@ Use 2SLS to compute residuals:

~ /7 A
e; =Y, — X; Bogs

@ Define:

~ 5 - 1~
9, =9:(8) = Z;&;, g, = n Zgi
i=1

@ Two common estimators of 2:
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Interpretation of Estimators

@ () is an uncentered covariance estimator.
e ()* is a centered (robust) covariance estimator.

@ Both are consistent when E[Ze] = 0 (correct specification).

@ Under misspecification (E[Ze] # 0), only QO consistently estimates:

var[Ze]

Hence:

o () estimates E[ZZ e
e " is robust and often preferred in practice

o Most software packages default to 2 (58)
o If the model is just-identified, g,, = 0 so (58) = (59)
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Constructing the Two-Step Estimator

@ Choose the weight matrix:

@ Then plug into:

Byom = (X'ZWZ'X) 1 (X' ZWZ'Y)

@ Since f3,, is consistent, and the covariance matrix estimators are consistent,

— D
it follows that W — Q1.

@ Therefore, the two-step GMM estimator satisfies the conditions of Theorem 4.
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Efficient Weight Matrix

Theorem 7 (Asymptotic Normality of Two-Step GMM)

—

Under Assumption 12.2 in the book and Q > 0, if W = Q! or W = (ﬁ*)_l, then
as n — 00:

~

VB — B) = N(0,V5)

where:

V= (@QoQ)!
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Key Points on Two-Step GMM

@ Asymptotically efficient and robust to heteroskedasticity.

@ Common in practice due to:

e Simplicity
o Generality
o Available software support

@ Often preferred when testing (e.g. overidentification) since Q* is robust under
misspecification.
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Iterated GMM

@ The asymptotic distribution of the two-step GMM estimator does not depend on the
initial one-step estimator.

@ However, the actual value of the two-step estimator does depend on that initial choice,
especially in finite samples.

e This dependence can lead to inefficiency.
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Iteration Procedure

~

@ Given an initial GMM estimate [, we:

© Recompute the weight matrix W using updated residuals
Q Re-estimate S5,
© Repeat until convergence

@ This produces the iterated GMM estimator:

e A common approach to efficient GMM
o Especially used to stabilize estimates in finite samples
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Practical Note

@ According to Hansen & Lee (2021):

o The iterated GMM estimate is invariant to whether W is based on centered or uncentered
residuals
o However, standard errors and test statistics do depend on this choice
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Covariance Matrix Estimation

@ To estimate the asymptotic variance of 3

smm» We plug in consistent estimators into the
asymptotic variance formula.

ISET



Two-Step GMM Estimator

@ The asymptotic variance estimator is:

A~~~

V- (@Wa) ' (@WwG) (W)

@ Where:

o W is constructed using either:
e The uncentered estimator (58)
o The centered estimator (59)

@ Residuals:

(60)
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Iterated GMM Estimator

@ The asymptotic variance for efficient GMM is simplified:

1 /
~Z'X
n

- 1 1 .
V= (Qa'Q) = <<XZ> Q! (
n
° 0 may be:
o Uncentered:
- 13
0=—354
n =1
o Centered:
O 1 ¢ ~ = ~ ~ 7
Q=3 (G~ .G — 5a)

@ Use final residuals:

))

-1

(63)

(64)



Standard Errors and Centering

@ Asymptotic standard errors:

@ Centered ﬁ*:

e Yields smaller standard errors
e Leads to more “significant” inference

@ Uncentered ﬁ:

o Gives larger standard errors
e More conservative in inference
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Wald Test

@ Define a transformation of the parameter:

r(B):RF = ©@ CRI, 6=r(p)

@ The GMM estimator of 6 is:

agmm = T<Bgmm>

@ By the delta method:

d ’
\/ﬁ(egmm - 9) - N(07V9)7 V9 =R V,BR

where:

= 57

o ~

aiﬂ/r(ﬁgmm>

R (B), R=
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Wald Test

@ The estimated asymptotic covariance matrix is:
—~ N

@ If O is scalar, then the standard error is:
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Wald Test Statistic

@ We test the hypothesis:
H09:90 VS Hle#eo

@ The Wald statistic is:

W =n(0— 00)’VQ1(§ — o)

o Let G (u) denote the cumulative distribution function of the x2 distribution.
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Wald Test

Theorem 8 (Asymptotic Distribution of Wald Test Statistic)
Under Assumption 12.2, Assumption 7.3 in the book, and under H, as n — oo:
d o
W = Xg (76)
For ¢ such that « =1 -G (¢),
P(W >c|Hy — « (77)

so the test “Reject H, if W > ¢" has asymptotic size o.
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Overidentification Test

@ Overidentified models have ¢ > k, meaning there are more moment conditions than
parameters.

@ This makes it possible to test the validity of the model:

Hy: E[Ze] =0 (78)

@ This is the overidentifying restriction — under the null, all moment conditions are
valid.
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Example: Linear Model with Invalid Moment

@ Consider the model:
Y =p81X, + 85X, +e (79)

@ Assume both X; and X, are exogenous:

E[X,e]=0 and [E[X,e]=0 (80)

@ Suppose we impose the restriction S5 = 0. Then the model simplifies to:

YV =p1X+e (81)
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Consequences of Incorrect Exclusion

@ The estimator of 3, in the restricted model uses:

[E[X1(Y - 51X1)] =0

@ However, if 85 # 0, the moment condition:
E[X,(Y —B1X;)] =0

will generally not hold.
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Why the Moment Fails

@ Substituting Y from the full model:
Y — 31X, =B3X, +e
@ Then:
E[Xo (Y — 51X,)] = E[Xa(55X, +€)] # 0

unless 35 = 0.
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Interpretation

@ The restriction 3, = 0 removes one regressor.
@ The moment condition based on X, becomes testable.

@ This is an overidentifying restriction: an assumption not needed for identification but
testable.
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Overidentification in GMM

@ Overidentification arises when:

# of instruments (£) > # of parameters (k)

@ The extra moment conditions allow us to test model validity using:

Hy:E[Ze] =0 (86)

@ The J-statistic is constructed from the sample analog of E[Z¢] and tests whether all
moment conditions are jointly valid.
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GMM Criterion as Test Statistic

@ Sample moment condition:

@ Use the GMM criterion function:

~ —~

T (Bgmm) = ngn "3,

@ This is a quadratic form in g,,, natural for testing H, : E[Ze] =0
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Theorem 9 (Asymptotic Distribution of the Overidentification Test)

Under Assumption 12.2 in the book, as n — oc:

~ d
J(ﬁgmm) — X%—k

For ¢ such that a =1 —G,_;(c),
P(J>c|Hy) —

So the test "Reject H, if J > ¢" has asymptotic size .
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Interpretation

@ The degrees of freedom equal the number of overidentifying restrictions: ¢/ — k
@ A large J statistic indicates that not all moment conditions are valid

@ The test doesn't tell you which moment fails — only that at least one does
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Endogeneity Test

@ Consider the structural model:

Y =Zip + Y38, +e (91)

@ We assume Z; (included instruments) and Z, (excluded instruments) are exogenous:

E[Zye] =0, E[Zye] =0 (92)

@ The question is whether Y, is endogenous.
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Null and Alternative

@ Null hypothesis: H : E[Y5e] = 0 (i.e., Y, is exogenous)
o Alternative: H, : E[Yse] # 0 (i.e., Y5 is endogenous)

@ This is a subset overidentification test: we test a subset of moment conditions for
validity.
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Test Construction

@ Estimate the model using efficient GMM with instruments (Z,, Z,) for (Z;,Y5).
Let J be the resulting GMM criterion value.

@ Estimate again using instruments (Z,, Z,,Y5) for (Z,,Y5).
Let J be the new GMM criterion.

© Compute the test statistic:
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Theorem 10 (Endogeneity Test as Difference in J Statistics)
Under Assumption 12.2 in the book and if E[Z,Y5] has full rank k,, then as n — oo:
C5x, (94)
For ¢ such that « = 1 — G, (c),
P(C >c| Hy) — « (95)

So the test "Reject H, if C' > ¢" has asymptotic size a.
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Practical Notes

@ This is a special case of the GMM overidentification test.

@ |t isolates the moment conditions involving Y, and tests whether they are valid.
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Reading

e Hansen (2022), Econometrics.

e Sections: 13.1 - 13.12, 13.14, 13.21, and 13.23
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